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Abstract
We consider a mechanism to create the η−η′ mass difference by the gluon anomaly
in a squeezed vacuum. We find that the mass shift of the η0 governing this mass
difference is determined by the magnetic part of the gluon condensate. For the
squeezed vacuum this magnetic part coincides with the total gluon condensate, so
that we get a relation between the gluon condensate and the mass shift of the η0 as
a function of the strong coupling constant αs. The values of the gluon condensate
obtained through this relation are compared with the value by Shifman, Vainshtein
and Zakharov and the recent update values by Narison.
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1. In this note we point out that under the assumption of a squeezed gluon
vacuum a relation between the η − η′ meson mass difference and the gluon
condensate can be obtained nonperturbatively. Comparison of the condensate
values found through this relation with the value of the gluon condensate by
Shifman, Vainshtein and Zakharov (SVZ) [1] and with the update average
value by Narison [2] allows us to check the applicability of the model of a
squeezed gluon vacuum.
Recall that the U(1) problem [3] is the question why the η′ mass is much
larger than that of the other eight pseudoscalar mesons, especially the η. The
η−η′ mass difference m2η′−m
2
η = 0.616 GeV
2 is governed by the mass splitting
between the singlet and the octet pseudoscalars η0 and η8, which are related
to the physical states η, η′ via the mixing
η= η0 sin φ− η8 cos φ
η′= η0 cos φ+ η8 sinφ . (1)
A mixing angle φ = −(17±2)o has been obtained in recent analyses of η and η′
decays [4,5]. The mass of the η8 meson as a member of the pseudoscalar flavour
octet is well explained by explicit chiral symmetry breaking in accordance with
the Goldstone theorem and the Gell-Mann–Oakes–Renner relation. However,
explicit chiral symmetry breaking is not sufficient to explain the large mass of
η0 [3].
In the literature [6]-[10] the large mass of η0 is explained by the gluon anomaly
GµνaG˜aµν ≡ ∂µK
µ. There are several ways to implement this gluon anomaly. In
Ref. [6] t’Hooft relates this term to the instanton density in Euclidean space
and introduces an effective quark interaction simulating the anomalous term
which breaks UA(1) but conserves the chiral SU(3)L⊗SU(3)R symmetry. This
determinant interaction has been widely used within effective quark models
such as the NJL model [11,12].
Not using the concept of instantons, other authors [7]-[10] start from an effec-
tive hadron Lagrangian which explicitely includes an anomalous meson-gluon
interaction term which can be viewed in analogy to the anomalous π0 → 2γ
decay
Lmesonsinglet =
1
2
∂µη0∂
µη0 − η0
c
4
GµνaG˜aµν , (2)
where
c =
√
Nfαs/(πf0) , (3)
2
with f0/fpi ≃ 1 [4], fpi = 93 MeV being the pion decay constant and αs = g
2/4π
the strong coupling constant. Furthermore, a kinetic term C(∂µK
µ)2 is added
to (2) and the additional phenomenological constant C is fitted in order to
describe the empirical η − η′ mass difference. For a review, see e.g. [13].
2. In difference to [7]-[10] we start from a Lagrangian which includes in addi-
tion to (2) the standard gluon kinetic term
Lsinglet = L
meson
singlet −
1
4
GµνaGaµν . (4)
From the Lagrangian (4) it should be possible to obtain the mass of the singlet
pseudoscalar η0 as a consequence of the coupling to the gluon field. To calculate
the mass of the η0 let us construct the corresponding Hamiltonian. We have
GµνaGaµν = −2(G
a
0i)
2 + 2(Bai )
2 , GµνaG˜aµν = −4G
a
0iB
a
i , (5)
where Bai are the components of the magnetic field strength. For the quanti-
zation of the physical gluon fields A0 has to be eliminated, we use here the
convention A0 = 0. Introducing the canonical momenta
Πη0 ≡
∂Lsinglet
∂η˙0
= η˙0 ,
Eai ≡
∂Lsinglet
∂A˙ai
= Ga0i + cB
a
i η0 , (6)
the Hamiltonian density reads
Hsinglet= η˙0Πη0 + A˙
a
iE
a
i − Lsinglet
=
1
2
Π2η0 +
1
2
(∂iη0)
2 +
1
2
(Eai − cB
a
i η0)
2 +
1
2
(Bai )
2 . (7)
We would like to eliminate the gluon degrees of freedom by averaging the
corresponding Hamiltonian H =
∫
d3xH over the gluon vacuum.
3. In order to perform the averaging over the nonperturbative gluon vacuum
we shall use the model of the squeezed gluon vacuum. The squeezed conden-
sate of gluons has been investigated recently [14]-[18] in order to construct
a Lorentz and gauge invariant stable QCD vacuum in Minkowski space. Dif-
ferent alternative approaches have not solved this problem. For instance the
simple perturbative vacuum is unstable [19], and there is no stable (gauge
invariant) coherent vacuum in Minkowski space [20].
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From the physical point of view, the squeezed state differs from the coherent
one by the condensation of colour singlet gluon pairs rather than of single
gluons. In analogy to the Bogoliubov model [21] we consider the case of a
homogeneous condensate, but in a squeezed instead of a coherent state. The
squeezed vacuum |0sq[f0] > as a candidate for a homogeneous colourless gluon
vacuum is constructed from a nonperturbative reference vacuum |0 > ≡
|0sq[f0 = 0] >, further specified below, according to
|0sq[f0] > = U
−1
sq [f0]|0 > . (8)
The squeezing operator
Usq[f0] = exp

if0
2
∑
a,i
(Aai (0)E
a
i (0) + E
a
i (0)A
a
i (0))

 (9)
with the zero momentum components Aai (0) and E
a
i (0) of the fields and their
canonical momenta contains the parameter f0 given below. This special trans-
formation for the homogeneous condensate does not violate Lorentz invariance,
since the gauge fields are massless [22]. The question of gauge invariance is
very difficult but as in Ref. [23] we suppose the gauge invariance of all the
spatial zero momentum components of the gauge fields. The multiplicative
transformations of fields corresponding to (8) and (9) are
Usq[f0] A
a
i (0) U
−1
sq [f0] = e
f0Aai (0) ,
Usq[f0] E
a
i (0) U
−1
sq [f0] = e
−f0Eai (0) . (10)
After this canonical transformation the squeezed expectation values as func-
tions of the squeezing parameter f0 behave like
< 0sq[f0]| (B
a
i (0))
2 |0sq[f0] >= e
4f0 < 0| (Bai (0))
2 |0 > , (11)
< 0sq[f0]| (E
a
i (0))
2 |0sq[f0] >= e
−2f0 < 0| (Eai (0))
2 |0 > , (12)
< 0sq[f0]|E
a
i (0)B
a
i (0)|0sq[f0] >= e
f0 < 0|Eai (0)B
a
i (0)|0 > , (13)
which follows from (10), noting that Bai (0) = f
abcǫijkA
b
j(0)A
c
k(0). Let the ref-
erence vacuum |0 > be such that the expectation values < 0| (Bai (0))
2 |0 >,
< 0| (Eai (0))
2 |0 > and < 0|Eai (0)B
a
i (0)|0 > behave in the large volume limit
(V →∞) like V −4/3 in accordance with dimensional analysis. The parameter
of the squeezing transformation f0 can be chosen so that the magnetic con-
densate density (11) remains finite in the large volume limit (e4f0 ∼ V 4/3).
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This entails that the electric condensate (12) and the mixed condensate (13)
vanish in this limit
lim
V→∞
< 0sq[f0]| (E
a
i (0))
2 |0sq[f0] > =O[1/V
2] , (14)
lim
V→∞
< 0sq[f0]|E
a
i (0)B
a
i (0)|0sq[f0] > =O[1/V ] . (15)
Hence we conclude that in the squeezed vacuum the gluon condensate is equal
to its magnetic part,
< αsG
2 >≡< 0sq[f0]|αsG
µνaGaµν |0sq[f0] >
=2 < 0sq[f0]|αs(B
a
i )
2|0sq[f0] > . (16)
With these expressions for the averages of the relavant gluon field operators in
hand we shall go on in the next paragraph to derive an effective Hamiltonian
for the η0 in the gluon vacuum.
4. Taking the expectation value of the Hamiltonian corresponding to (7) with
respect to the squeezed gluon vacuum |0sq[f0] > we obtain the effective Hamil-
tonian
Heff =
∫
d3x
[
1
2
Π2η0 +
1
2
(∂iη0)
2 +
1
2
∆m20η
2
0
]
+ const . (17)
with the η0 mass
∆m20 =
3αs
π2f 2pi
< 0sq[f0]|αs(B
a
i )
2|0sq[f0] > . (18)
Note that in the effective η0 Hamiltonian (17) a term linear in η0 does not
appear, since it is proportional to < 0sq[f0]|E
a
i B
a
i |0sq[f0] > which according
to (15) vanishes in the squeezed vacuum. Because of (16) we can rewrite the
mass formula (18) in the form
< αsG
2 >=
2π2f 2pi
3αs
∆m20 . (19)
This formula is the main result of our investigation. It relates the gluon con-
densate to the UA(1) breaking mass shift of the η0. The value of αs in the
low energy region is not known very well from experiment. The value used by
SVZ [1] is αs ≈ 1 and that used by Narison [2] in the low energy region is
αs(1.3 GeV) ≃ 0.64
+0.36
−0.18 ± 0.02. In order to check whether relation (19) is in
5
m∆ 20
m∆ 20
GeV 2
GeV 2
S
α
<
>
2
G
4
[G
eV
  ]
S
0
α
0.1
0.05
0.5 1
=  0.729 
 =  0.616
Fig. 1. The gluon condensate < αsG
2 > vs. QCD coupling αs for two representative
estimates of the η0 mass shift (solid lines) according to (19). Also shown are the
gluon condensate values obtained by Narison [2] (filled triangle) and by Shifman,
Vainshtein and Zakharov [1] (filled square) which both are compatible with the
αs(1.3 GeV) value (filled circle) of Ref. [2].
agreement with empirical data we have plotted in Fig. 1 the gluon condensate
< αsG
2 > against αs for two representative values of ∆m
2
0 which are estimates
based on the U(3) chiral meson Lagrangian: The first one is obtained for the
case of vanishing mixing angle and the chiral limit, where ∆m20 = m
2
η′ −m
2
η =
0.616 GeV2. For the other estimate we use the quadratic Gell-Mann–Okubo
mass formula and obtain ∆m20 = m
2
η′ +m
2
η−2m
2
K = 0.729 GeV
2, see [10]. The
solid lines in Fig. 1 give our result for these two typical values of the η0 mass
shift. Also shown are the gluon condensate value < αsG
2 >≃ 0.04 GeV4 by
Shifman, Vainshtein and Zakharov [1] (filled square) and the update average
value < αsG
2 >= (0.071 ± 0.009) GeV4 for the gluon condensate obtained
by Narison [2] (filled triangle) in a recent analysis of heavy quarkonia mass-
splittings in QCD. The gluon condensate values described by our result (19)
are in good agreement with both the SVZ and the Narison value for the re-
spective values of αs in the range of Narison’s update average αs (filled circle).
This is an interesting and unexpected result of our investigation.
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5. In conclusion we have considered a mechanism to create a large mass for the
η0 due to its anomalous interaction with the gluons of the squeezed vacuum.
In the framework of a squeezed vacuum we have obtained a relation between
the value of the gluon condensate and the mass shift of the η0 as a function
of the strong coupling constant. The gluon condensate values found in our
approach for two estimates of η0 mass shifts are in quite good agreement with
both the “standard” value 0.04 GeV4 by Shifman, Vainsthein and Zakharov
and the update average value 0.071 GeV4 by Narison for reasonable values
of the strong coupling in the low energy region. In the present work we have
pointed out a special interesting possibility to resolve the UA(1) problem and
to obtain estimates for the value of the gluon condensate in the framework of
a squeezed gluon vacuum.
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